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ABSTRACT 


The focus of this paper is to present the concept of fuzzy neutrosophic relations. Further we 
study the composition of fuzzy neutrosophic relations with the choice of t-norms and t- 
conorms and characterize their properties. 
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1. INTRODUCTION 


A relation is a mathematical description of a situation where certain elements of sets are related 
to one another in some way. It is a tool for describing correspondences between objects. The use 
of fuzzy relations originated from the observation that real life objects can be related to each 
other to certain degree. Fuzzy relations are able to model vagueness, but they cannot model 
uncertainty .Intuitionistic fuzzy sets, as defined by Atanassov [4], give us a way to incorporate 
uncertainty in an additional degree. In 1995, F.Smarandache [13, 14] combined the non-standard 
analysis with a tri component logic/set, probability theory and with philosophy and proposed the 
term neutrosophic which means knowledge of neutral thoughts. This neutral represents the main 
distinction between fuzzy and intuitionistic fuzzy logic set. Motivated by the concept which 
deals with non-standard analysis L.Arockiarani et al. [1, 2] defined the fuzzy neutrosophic set 
involving the concept of standard analysis. In this paper we study the properties of fuzzy 
neutrosophic relations in a set and the properties of the composition with different t-norms and t- 
conorms. 


2. PRELIMINARIES 


In order to define the fuzzy neutrosophic relations, we will use the well -known triangular norms 
and conorms in [0, 1], taking into account that as non-classical connectives. They do not satisfy 
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the boolean standard identities. We will call t-norm in [0, 1] to every mapping T: 
[0,1] x [0, 1] — [0, 1] satisfying the following properties 


Boundary conditions, T(x, 1) = x and T(x, 0) = 0, for all x e [0, 1] 
Monotony, T(x, y < T (z, t)iffx Xzandy xt 

Commutative, T(x, y) = T(y, x), for all x, y € [0, 1] 

Associative, T(T(x, y), z) = T(x, T(y, z)), for all x, y, z € [0, 1] 


eps pp 


Given a t-norm T, we can consider the mapping S: [0,1] x [0, 1] > [0, 1] S(x, y) =1-T(1-x, 1-y). 
This mapping S, will be called dual t-conorm of T. The most important properties of t-norms and 
t-conorms can be found in [9,11].Here we present the following theorem with regard to the 
distributive property of t-norms and t-conorms. In this paper unless it is said in the opposite way, 
we will designate the t-norms and t-conorms with the greek letters a, D, A, p. Let I be a finite 
family of indices and {a;}ic;, {bi}ierbe number collection of [0, 1].For every æ t-norm or t- 
conorm and for every À t-norm or t-conorm 


1. Ya; V b) > (a) V 4) 
2.4(a; ^ bi) € ^(aj) ^ (bi) are verified. 


With the result given by L.W.Fung and S.K.Ku [10] relative to the fact that a is an idempotent t- 
conorm (idempotent t-norm) if and only if a =V (æ =A), we get the following theorem: 


Theorem 2.0: 

Let {ai}ier (biJie; be two finite number families of [0,1] and @, A t-norms or t-conorms not null. 
Then 

4(a; V bj) = 5(aj)) V $(bj) ifandonlyif « =V 

Alai ^ bj) = ^(aj) ^ ^(bj) if and only if A =A. 

Definition 2.1: [2] 


A Fuzzy neutrosophic set A on the universe of discourse X is defined as 
A= (x, TAG), I4 (x), Fy(x)), x € X where T, I, F: X >[0, 1] and O€ T,GO +1, + FAQ €3 


3. FUZZY NEUTROSOPHIC RELATIONS 
Definition 3.1: 
A fuzzy neutrosophic set relation is defined as a fuzzy neutrosophic subset of X x Y having the 
form R = ( ((x, y), TR (x, y), IgG y), Fr(x, y)):x E X,y E Y } where Tg, Ig, Fe: X XY > [0,1] 


Satisfy the condition 0 € Tg(x, y) + Ig(x,y) -Fa(x,y) 3 | V(xy)eXxYy. 
We will denote with FNR(X x Y) the set of all fuzzy neutrosophic subsets in X X Y. 
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Definition 3.2: 


Given a binary fuzzy neutrosophic relation between X and Y, we can define R^! between Y and 


X by means of Tp-1(y,x) = T&Go, y), Ir- (y, x) = IgG y), Fg- (y, x) = Frwy) V(x y) € 
X X Y to which we call inverse relation of R. 


Definition 3.3: 


Let R and P be two fuzzy neutrosophic relations between X and Y, forevery (x, y) e X x Y 
We can define, 


RSP e Tg, y) € Te, y) InGo y) € IpGo y), FrR(x, y) = Fp(x, y) 
2RxP © Tr(x, y) € Tp(x, y), InGo y) < IpGo y), FRx, y) < Feo y) 

3)R VP = { ((x, y), TaGo y) V TpGo y), IpGo y) V IpGo y), FaGo y) ^ FeGo y)) 
AR AP = {((x,y), TaGo y) ^ TpGo y), InGo y) ^ Ip(x, y), FG y) V Feo y)) 
5)R* = ( (G5 y), FaG5y),1 — InGo y), Tr y) x E X,y E Y} 


Theorem 3.4: 
Let R, P, Q be three elements of fuzzy neutrosophic relations (X x Y) 


(DR < P >R ‘<P! (i(RVP)! = Rt v Pt (iii) (R A P)! = Rt AP! 
(iv)(R"1)!2R (V) RA(PVQ) =(RAP)V(RAQ),RV(PAQ) = (RVP)A(RVQ) 
(vVi)RVP2R,RVPZP,RAPER,RAPxP 

(vii) If R > Pand R 2 Q,thenR 2 PvQ 

(viii) If R < Pand R € Q,thenR < PVQ 


Proof: 


(i) If R € P then Tp-1(y,x) = Tex, y) < Tp(x%, y) = Tp-1(y, x) for every(x,y) eX XY 
Ig-1(y, x) = In, y) < Ip(x,y) = Ip-1(y,x)Y(x,y) EX XY and 

Fp-1(y, x) = Fa(x, y) > Fp(x, y) = Fp-1(y,x) V(x, y) EX x Y Hence Rt < P“! 
(ii) Tay py-3 0, x) = Tryp (x, y) = Try) V Tp(x, y) = Tg, x) V Tp-1(y,x) 
= Tp-1yp-1(y,x).The proofs for lgypy-1075, x) = Tp-typ-1( x) & 
F(aypyi (y, X) = Fgciyp-1Cy, x) are done in a similar way.Hence (R V P) ! = R^! v P™?. 
(iii) Proof is similar to (ii) (iv) proof follows from the definition. 
(v) We will use the fact that the operators V and A satisfy the distributive property when they are 
applied to elements of [0, 1].TaA(pygy Gc, y) = Trix, y) ^ (TpGo, y) V To G5 y)) 
= {Tr(%y) ^ Te(x% yY) V { (Try) ^ T9065 y)) = Trap (x, y) ^ Tao Go y) 
= Terap) v (RAQ) C6 y). Similarly In x pvQ) Co y) = Kerap) v (RAQ) GG y) and Fraevo Go y)- 
Frap) v (Rag) Go Y). Hence R A (P V Q) = (RAP) V (RAQ). 
The proof is analogous to the previous one, in the case of RV (P AQ) =(RVP)A(RVQ). 
(vi)Proof is obvious. 
(wii)If R > P and R=Q,Tpr = Tp and Tr = To, Ip = Ip and Ip = Io, Fg € Fp and Fr < Fo, 
TS TVG, Ip So VL Fee Poh ky ST = Type > yg le= hoe SRS PVO 
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Similarly we can prove (viii) .We can generalize the operations between binary fuzzy 
neutrosophic relations R,Q € FNR (X x Y). Using the well known triangular t-norms and t- 
conorms in [0, 1]. For a triangular t — norms T and its dual t — conforms S, we get 


T(R, Q) = { (Go y), T(Tr(x, y), To (x, y) T (nx, Y), la Go y)), SCF RY), Fo (x, y)))} 
S(R, Q) = { (Cx, y), S(Tr(x, y), ToGo y), Sn Go y), Io (x, y)) T Fr y), Fo (x, y)) F 


COMPOSITION OF FUZZY NEUTROSOPHIC RELATIONS 


Basing ourselves on the composition of binary IF relations in [0, 1] we can give the following 
definitions. 


Definition 3.5: 


Let a,B,A,p be t-norms or t-conorms not necessarily dual two — two, R € FNR(X xY) 


a, p 
and P € FNR(Y x Z). We will call composed relation P ° R e FNR(X x Z ) to the one defined 


A, p 

by 

Qa, 
P ° R= ((x,z),T a (x,z),1 af (x,z),F af (x,2) /x EX,zEZ 

A, p hs ae Pe 
Where,T ap (x, Z) = YU [Tg x, y) Te, z)\}, I ap (x, z) = SUr, y), Ip Cy, z)\3 , 

Ap Ap 

F ep 2) = So [Fa Go y), Fe(y,z)]} 

Ap 
Whenever 0 € T «s (x,Z) +I ap (x,Z) + F ag (x%,Z) <3 V(x%,z) € X XZ. 

P°R P°R P°R 


Ap Ap Ap 
The choice of the t-norms and t-conorms a,f,A,pin the previous definition, is evidently 
conditioned by the fulfilment of 
O<T ap (x,Z) +1 op (x,Z) +F op (x,z) <3 Y(x,zZ) EX XZ 
P°R PR P°R 


Ap Ap Ap 
Theorem 3.6: 


For each, € FNR(X x Y),P € FNR(Y x Z) and a, f, A, p any t-norms or t-conorms 


a,BN a, p 
(^ B i) = R1 ° pis fulfilled. 


AyD À,p 
Proof: 
( ap -1(Z, x) = T «s (x, Z) = vB [Tg x, y) Te, z)\3 = YU IT g-1 Cy, x), T p-1(z, y)]} 

PR 

Ap Ap 
= SBIT p-1(Z, y), T pQ, x) I} = T _ MC x). Similarly I, «g \-1(z,x) 2I _ 8 x), 

R M (>: e) R Lt 
; e 
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p ( ap ye x) = F as Q2) = HolFe@y), FeO 2] = volgi n3) F pa 0D) 


= MpeI[Fp iG y) F gn x)]) = Ff ,@x) Vx) EZ x X. 


Ap 
a, == a, 
Hence( 7 $ r) xR o qt 
À, p À, p 
Theorem 3.7: 
In the conditions of definition 3.5 
a, p a, B 
If P, € P; ,thenP, ° R € P, © R,forevery R € FNR 
A,p À, p 
a, p a, p 
If Ri € R;,thenP ° R, € P » R;,forevery P € FNR 
A, p A, p 
a, p a, p 
If Pi X«P;,thenP, ° R «P, © R,forevery R € FNR 
A, p A, p 
a, p a, p 
If R x R ,thenP ° R, «P © R,,for every P € FNR 
A, p A, p 
a, p a, p 
Let R, P be in FNR (X x X),if P € R,thenP ° P < R ° R are verified. 
A,p A, p 
Proof: 


P, € P, then Tp, OZ) < Tp, Q, z), Ip, OZ) S$ Ip, (y, z) and Fp, (yz) = Fp, (y,Z) 
Tog Q2) = VB [Tao y) To, 2] < SU [Ts y), Te, DI} = T. ae (2). 


Ap Ap 
Similarly I ag (x,z) € I «s (x,z) 
P,?R P, ° R 
Ap Ap 


F as Q2) = sp Fn Go), Fo, 0,2] 2 {ol Fay), Fe, 1 2))} = F ap Q2) 
1 às 2 ip 
a, p a, 
Therefore P e RS Py OR 
A, p A,p 
Gi), Gii), (1v), (v) can be proved in a similar way. 


Theorem 3.8: 


For any a, P, A and p t-norms or t-conorms, R,P € FNR(Y x Z)and Q € FNR(X xY) 
a, B a, B a, B 

(RVP)° Q> R o QVP © Q holds 
A, p À, p A, p 
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Proof: 


Starting from the points (vi), (vii), (viii) of the theorem 3.4, we get 


a, p a, p 

(RVP)° Q>Re°Q 
a, J J 
RvVvP>2P a, p a, p D id Ao 
(RVP)° QZP °Q ' : : 

A, p A,p 


The above theorem determines the sign of the inequality for the distributive property of the 
composition respecting the union. Next theorem will give us a necessary and sufficient condition 
for the fulfilment of the equality. 


Theorem 3.9: 


Let R, P be the two elements of FNR (Y x Z), Q € FNR(X x Y) ,a and A not null t-norms or 


a, p a, p a, p 
t-conorm. Then (RVP) ° Q= R o QVP © Qifandonly if æ =V and à =A. 
Ap A, p À p 


a, p a, p a, p 7 
Let(RVP) °Q=ROQVP OQT «g (xx) = (B[Tg Go y) TRO, 2) V TQ z)]] 
Ap À p Aq» Ve i 


7 KI [To (x,y), TRO, z)| vp [To (x,y) TpCy, z)|}.Because of the hypothesis of the theorem the 


" a 
result is = yb [To x, y), Tg Cy, z)l! V KI [To (x, y), Tp Cy, z)]. 
Let {ay} c, be any two finite family of numbers belonging to the interval [0, 1] 


Proof: 


If p is t-norm, we define (for x, z fixed and for every y). 
To(x,y) = 1,Tr(y,Z) = ay, Tp, z) = by .Then it is known that B [To x, y), TRO, z)| = dy 


a, B a, B a, B 
B[To Go y), Te Gr, z)] = by Besides as (RV P) ° Q= (s o o) V (^ o o) it is verified 
A, p A,p A,p 
for every R, P and Q by means of hypothesis we have 4(a; V bj) = “(a;) V %(b;) and this 
condition verified for every {ay} , {by} .We have proved in the theorem 2.0, that is 
yevY yevY 


equivalent to a = V 

(11) If B is t-conorm, we define the degree of truthfulness of R, P and Q as follows: 

To (x, y) = 0,Tr(y,Z) = ay, Tp(y,z) = by and with the same proceeding we conclude that 
verifying (a; V bj) = (aj) V 5(bj) as we have seen in the theorem 2.0, if and only if 
& =V. 

In the same way we can prove the result for indeterminacy and by following the same proceeding 
for the falseness we can conclude that = A . Conversely,Let a = V and À = ^, B and p be any t- 


norms and t-conorms T y? (x2) = JB [To Gy), TRO Z) V TO, z)l! 
RVP) ° Q 
Ap 


= [To Gs y), TrO 2] v B[To@ Y» TH 2] 





Http://www.granthaalayah.com ©lnternational Journal of Research - GRANTHAALA YAH [17-30] 


[Arockiarani et. al., Vol.4 (Iss.2): February, 2016] ISSN- 2350-0530(O) ISSN- 2394-3629(P) 
Impact Factor: 2.035 (IZOR) 


oe the associative property of the t-conorms, we have 
= {BITE y» TRO v JB [To Gs»), Te 2)]} = T (eV T us Q2) 
V(xz)eXxZ .Similarly is s (x, = =] ty (x, 2 VI En (x, z) and 
RVP 
Ps yo 


F ap (GZ) = F op (Zz) A F se Oz) 
(E 


pru Tuas 


Theorem 3.10: 


For every a, B, A, p any t-norms or t-conorms and R,P € FNR(Y x Z) ,Q € FNR(X XY), it is 


a, p a, p a, B 
verified that (RAP) ° os(n o o) ^ (^ o o) 
Ap Ap À,p 


Proof: 
Analogous to the one made in the theorem 3.7. 
Theorem 3.11: 


Let R, P be the two elements of FNR (Y x Z), Q € FNR(X xY) 
a different from the null t-norm and A different from the null t-conorm. Then 


a, p a, B a, p 
(RAP) œ o= (n o 0) a(r o o itid ont it a = Aand A =V. 
Ap A, p À,p 


Proof: 


The proof follows by theorem 3.9. 

From the analysis of the previous theorem it is deduced that the choice of a, B, A and p t-norms 
or t-conorms will depend on the problem traced on each case. However the distributive equalities 
will demand the choice of V and A for « and A or à and a respectively. 


Theorem 3.12: 


Let Q € FNR(X x Y),P € FNR(Y x Z,R € FNR(Z x Z) B and p any t-norms or t-conorms. 
VB NV,p V,B / V,p 

If æ = V and A = ^ then (nr) oQ0-Re (eso) 
^p Np Ap\ Ap 


Proof: 


VV 


V 
Let B be associative 5 Ya; ; = Y jd; , B(a, Vbi) = "(BGa, b)).( Vai, b) = (Blab) 


| 
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= yfe [ToG. »». (8 (Te 679. (7&2) )) |} = Y (t (ero Gs»). LTO, t), Tr 2) ]) 
t Y {8 [ero Gy» T» 6", Tet, 2]|] = Y (Dy 8 [To Qo Y), Tey, t), Te(t 2) J} 


= i fr V.B (x, t), Tg(t, z) = T V,B/ V.B (x, z) V (x, Z) € X x Z 
Su M ) 
The equality I, vs vg (x,Z) = I vg; ve 4 (x, Z) for every (x, z) € X x Z and 
(r= P) o re (P <0) 
Ap / Np Ap\ Ap 
F; vg ve (x,Z) = F vg; vp V Qo, Z) V (x,z) € X XZ corresponding to the indeterminacy and 
(Pa? PA) 
falsity are proved in a similar way. 


Note: 


a, B 
It is convenient to state that in the notation used for composition P ° R ,the symbols æ and f 
A, p 
placed up are applied to the truth value and indeterministic value and the symbols A and p placed 
down are applied to the false value .Therefore the order of placement is very important. 


4. RELATIONS ON FUZZY NEUTROSOPHIC SETS 


Definition 4.1: 
The relation A € FNR(X x X) is called the relation of identity if v (x,y) EXXX 
_(1 if xy (1 if xy zr ifx=y 
Talx, y) - lo if xy Ay) - lo if x 5520020 ^l ifx#y 
The complementary relation A^— V is defined by 
_(0 if x=y _(0 if x=y _(1 ifx=y 
Tv y) =f if xy’ ney) = fy if xy?’ Fuy) - lo if 2 53 
It is evident that A= A! and V = V^! 
Theorem 4.2: 
Let a, D, À, p be t-norms and t-conorms and R € FNR(X x X) 
a, p a, B 
R ° A=A ° R=R ifand only if a is t-conorm , f is t-norm , A is t-norm and p is t- 
A, p Ap 
conorm. 
A, p A, p 
R o V= V ° R=R if and only if a is t-conorm , f is t-norm , À is t-norm and p is t- 
a, p a, p 
conorm. 
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Proof: 


T aB (x, z) = SU ITA Go y), TROY 2) = yx [Ta Go x), Trx, 2)]; BIT AQ y), Tr, 22] 3 


Ap 
= yx (P [L Ta x, z)], B[0, TR, 22] 9 yx Tr, 2,0] 3 = Tr, Z) ,Gz)e Xx X 
Similarly, I og (x,z) = Ig(x,z) , (oz) EXXX 
R oA 


Ap 
r TA (xz) = $teLFAGo y), Fr. Z} = yeelolFa(%, x), Fr Qo z)], pF Go, y), FRO, 221 


Ap 
= y+4{p[0, Fa Go z)], lL F8 05,2) ) = yotllFr@, 2), 1]} = Fe(x,z),(%,z) eX x X 


a, p a, p 
Conversely, Suppose that R ° A= A? R =R itis fulfilled foreach R € FNR(X x X) 

À, p A, p 
Case (i): 

a, B 
Let æ be t-norm and f be t-conorm .Taking R = A, we get A ° A= A then T AP, (x,z) = 
À, p Ea 

TA(x,z) ,V(x,z) E X x X If x=Z then 


Tu (x, x) = SUBITA Go y) TAY, OD = yet B ITA Go x), TA Go x)], p [Ta Go y), Ta, 32] } 


Ap 
= yexth[1,1], 8[0,0] } = ,43([1,0] } 2 0. #4 TAG x) = 1 Vx € X Which is a contradiction. 


Case (ii): 
Let a be t-conorm and f be t-conorm .Taking R = A and x + z we have 
m afi (x, z) = SUBITA Go y), TA, z)]) = yet B [ITA Go x), TAG, z)], B[TA Gc y), Tay, 2)] } 


Ap 


= yext BIL Ta (x, Z)], B[0, TA Cy, 2] } = yapi, 0], 8[0, TA Cz, z)], BLO, TA Cy, z)] 3 
= yz%{B[1,0], 80,1], [0,0] } = A0) =14#T)(x,z)=0 v(xz)eXxX 


y-zz y-*Zz 


For every (x, 2) EX X X,T ap (x,z) + TAG z)ifx zz 
A a 
Case (iii): 
1 if x=y 
+1 if x+y 
By means of hypothesis T «g (x, x) = TR(x,x) = 1 V x € X have to be fulfilled. 
RoA 


Let a be t-norm and f be t-conorm. Taking R in the following way Tp(x, y) = f 


Ap 
m e (x, x) = SA [TAG y) TRO, xD = yu [TA Go x), TR Go, x)], BETA Go y), Try, 20] 3 
ie 
= tl, 1], B[0, Ta y, 3)] 3 = yx, Ta Qr x) } = Tg, x) # 1 = TR(x, x) which is not true. 
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Case (iv): 
1 if x=y 
#1 if x+y 
by means of hypothesis T ag (x,x) =Tr(x,x) = 1 V x € X have to be fulfilled. 

R 9A 


Let a be t-conorm and f? be t-norm .Taking R in the following way Tg (x, y) = f 


Ap 
É OF (x, x) = S [TA Cx, y) Tg (y, x)]} = yextB [TA (x, x), Tr (x, x)], BTA, y) Tg (y, x)] } 


Ap 
= yextP[1,1], BLO, Tg Cy, x)] j = ysxt1,0 } =1= Trx, x). 


Hence it is proved that œ is t-conorm and f is t-norm. Proof for indeterministic functions is 
similar to the above. 


Making a development, which is analogous to the previous one, for the falsity functions ,we 
deduce that A is t-norm and p is t-conorm. 


The proof of (ii) is similar to the one made in (i) using V. 

Definition 4.3: 

The relation R € FNR(X x Y) is called 

Reflexive if for every x E X ,Tg(x,x) = 1,Ig(x,x) = 1, Fg(x,x) 20 
Anti- reflexive if for every x € X ,Tg(x, x) 20,Ig(x, x) = 0,Fg(x,x) 21 
(i.e,) The relation R is called anti-reflexive if its complement R* is reflexive. 


Theorem 4.4: 


For every R € FNR(X x Y), it is verified that 
If R isreflexivethen A< R (ii) If R is anti-reflexive then A > R 


Proof: 
It is the consequence of the definition 4.1 and 4.3. 
Theorem 4.5: 


For a t-conorm, f t-norm, À t-norm and p t-conorm it is verified that 


Qa, 
If R € FNR(X x Y) is reflexive, then R < R o R 
A, p 
Ap 
If R € FNR(X x Y) is anti-reflexive, then R 2 R 9o R 
a, p 
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Proof: 


dt ap (x,z) = StBITR Go y), TROY 22 = yaxt B [Tn Go x), Trx, z)], BTR), TRO, 2)] 3 
Ap 
—ysxUb [1, Tg (x, z)], BTR, y), Tn Q, z)] j = yx R(X, Z), BIT (x, y), TRO, z)] j = Ty (x, z) 
because æ ist-conorm .Similarly! ag (x,z) = Ig(x,z) 
RoR 


Ap 
P at (x, z) = M p[Fr(x, y), FRO, z)\} = yao Lg Gc, x), Fax, z)], PLFR(x, y), Fa Cy, z)] j 
Ap 
=y2r{pL0, Fg (x, z)], plFn Go, y), Fa Cy, z)] j = yen Fe, Z), PLFr(x, y), FRO, z)] j = Fg (x, z) 
since À is t-norm. 


The proof of (ii) is analogous to the proof of (i) . 


Example 4.6: 
This example states the existence of fuzzy neutrosophic relations which satisfy the property 
a, p 
R < R » Rand they are not reflexive.Let X be the following set X = (x, y, z) and 
A, p 
X y Z X y Z 
. x 04 08 04 x 03 07 02 
RS ENR(A XY) gvn by Te mae 7-09 06] Ely 05 08 05] 
Z 0.3 05 02 z 01 04 041 
x y Z 
x 0.5 03 0.9 
Fp = y 04 0 05 . For a V, =A,A =A and p =V, we have 
Z 08 04 0.6 
X y zZ x y Z 
T _[* 0.7 08 0.6 I | [* 05 07 0.5 
rr |y 07 0.9 06]? pr |y 05 08 0.5?P 
AN z 05 05 05 AN Z 04 04 04 
X y Z uA 
x 04 03 0.5 : , . : 
F v^ = Resulting that R < R © R not being R reflexive. 
ROR y 04 0 05 ae 
id Z 04 04 0.5 . 
Theorem 4.7: 
If R € FNR(X x X) is reflexive, a , B are t-conorms and 4, p are t-norms ,then 
a, p 
RSR OR. 
A, p 
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Proof: 
F ap O Z) = YU [Tg Gc, y), Ta y, z)l = ysxtP [Tg Gc, x), Tg (x, z)], BTR), TRO, z)] } 
Ap 
z y#x pi, Tn (x, z)], B [Ta Cc, y) Ta Cy, z)] j = yaxtL, P [Tr (x, y) TRO, z)] j =1 2 Tg (x, z) 
Similarly we can prove I «g (x,z) = Ig(x,z). 
R °R 


Ap 
F ap (x, z) = 2o [Fa (x, y) Fr (y, z)]} = yap [Fn (x, x), F(x, z)], p Fa Cx, y) Fro, z)] } 
R °R 
Ap 
—ysAtp[0, Fax, z)], p[Fr Go, y), FRO, 2) 3 = y, p[F Go y), FRO, 21 ) = 0 < Fa Go z) 
a, p 
Therefore R € R. © R. 
A,p 
Theorem 4.8: 
Given R € FNR(X XY) for a t-conorm and A t-norm, it is verified that (i) If R is reflexive 
a, p a, p 
then R © Risreflexive (ii) If R is anti-reflexive then R © R is anti reflexive 
Ap À,p 
Proof: 


z ap C x) = yUD [TR (x, y), Tg Cy, x)]} = ysxtP [Tn (x, x), Tg (x, x)], BITR(, y), TRY, x)] } 


Ap 
= yx (P [1,1], b [Trx y), TRO, 30] 3 = yoxtL BITR G5 y), TRO, 2)] 3 = 1 
Similarly we can prove! ag (x,z) =1 
RoR 


Ap 
F a, p (x, x) = A oLFR (x, y), Fr (y, x)]} = yep [Fn (x, x), Fr (x, x)], PLFR (x, y), Fr (y, x)] } 
RoR 
Ap 
=y22{P[0,0], p[Fr Gc, y), Fa Qr, x)0 = y, pLFe Qo y), Fr(y,x)] ) = 0: Therefore 
a, p 
R e Risreflexive. 
A,p 
Proof of (ii) is similar to the one made for the reflexivity. 
Corollary 4.9: 
If REFNR(X XX) is reflexive & is t-norm and A is t-conorm  ,then 
n times 
a,p ap a, p 
R™® =R o R o R..... » R with n-1,23,...... itis reflexive. 
Ap Ap A, p 
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Theorem 4.10: 

Let R, be reflexive fuzzy neutrosophic relation in X x X .Then (i) (R4)! is reflexive. (ii) 
R, V R, is reflexive for every Rọ € FNR(X x X) (iii) Ry A R; is reflexive © 

R, € FNR(X x X) is reflexive. 

Proof: 

Proof follows from the definitions. 

Definition 4.11: 

A reflexive closure of a relation is reflexive for every R € FNR(X x X) is defined as RV A 
Definition 4.12: 

A relation R € FNR(X x X) is called symmetric if R = R^! that is, if for every (x,y) of 
X x X, Tax, y) = Tr, x), InGo y) = IRO, x), Fr) = Fr, x). 

In a contrary manner we will say that it is asymmetric. 


Definition 4.13: 


Let R be an element of. FNR(X x X).We will say that it is antisymmetrical fuzzy neutrosophic 
relation if for every (x, y) of X x X, 
x+y > Trx, y) #TRO,X) Ino y) + In Qn x), FROG y) + FRO, x). 


Theorem 4.14: 

If a,B,A,p are either t-norms or t-conorms and R, P € FNR(X X X) are symmetrical then 
a, p a, p ds 

R o P= (^ o r) 
À, p À, p 


Proof: 


a, p a, B aB N 
R and P are symmetrical > R = R71, P = P™t then R © P =R} o P™t= (^ o i) 

A,p A, p A, p 
Definition 4.15: 


Let us take a t-conorm, f) t-norm, A t-norm and p t-conorm, we will say that 


a, p A,p 
R€FNR(X x X) is (i) transitive if R > R © R (ii)c-transitiveif R E R © R. 


A, p a, p 
Result 4.16: 


For a t-conorm, p t-norm, A t-norm and p t-conorm, it is verified that 
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(i) If 
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a, p 
R € FNR(X x X) is reflexive and transitive, then R = R 9 R 
A, p 
A, p 


(ii) If R € FNR(X x X) is anti-reflexive and c- transitive, then R=R 9 R 
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